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RESEARCH MEMORANDUM

METHOD FOR STRESS ANALYSIS OF A SWEPT FROPELLER

By Richard T. Whitcomb
SUMMARY

The.-methods~used--bo-estimate and reduce the-stresses—tna—swept
wte-»bewtes"te_d—-iﬂ-ft:h@’iangley»8-foot‘“h“_tghﬁspe'ed-4tmmaﬂ:'~aas-e-
resen « The Incremental moments and forces produced by the centrifu-
gal and alr forces of sach of the elements of the blade outboard of
. a glven minimim section at the neutral polnt of that section have been
added to obtain the total moments and forces at that polnt. The
gtresses at the section have then been determined using the usual beam
. formulas. At the points where the sweep changes abruptly, the formmlas
have been revised to account for the curvature of the line through the
neutral points of the nonuniform minimum sections at these locations.
The moments gbout major axes of the minimm sections have been eliminated
by means of the proper orlentation of the blade elemente.

IWTRODUCTION

To determine the effectlveness of sweep 1n delaying and reducing
the losses in efficlency of propellers at high forward Mach numbers
due to the omset of strong shocks on the blades, the NACA 1s in the
process of desighing, bullding, and testing propellers with Bitdes )
which"are swept 1n & manner similar to that shown In figure 1. The
propellers are designed wlth the outboard portion swept back and the
inboard portion swept forward to reduce the moments at the root. The
use of sweep completely alters the distributlon of stresses In the
blade, and the stress enalysis of a swept blade 1s greatly different
from and much more camplex than that of an unswept blade. Speclal
methods have been developed to determine and reduce the stresses and
deflectlions in the blades of the swept propeliers to be tested in the
Langley 8-foot high-speed tunnel. A.désScriptiop of-these-methods ls

~Presented perein,
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GENERAL ANALYSIS

Methpd for Determination of Stresses

The general procedure of the analysis 1s slmiler to that used in
other 1ike problems; the incremental momente and forces produced by
the centrifugal and air forces of each of the elements of the blade
outboard of a given minimm sectlon at the neubral polnt of that
section have been added to. obtain the total moments and forces at
thet point. The stresses at the section have then been determined
by the usual beem formulas. At the kmee (fig. 1) and root, the formulas
have been revised to account for the curvature of the line through the
neutral polnits at these locatlons.

In desligning the blade, the design sectlons were lald out perpen-
dicular to the radil to the midpolnts of the chord lines of these
gections. Twist was applied in the planes of the sectlons about these
midpolnts, and sweep was based on the projection of the line through
these midpoints in the planes which include the chord lines and the
corresponding radii. To make posslble the use of these same sweeps and
twlsts in the computatlons, the stress analysls has been made using the
line through these midpolnts as the princlpal reference llne.

The forces and moments produced by incremental centrifugal and air
loads of a segment of the blade bounded by two design sectioms relatively
close to each other have been assumed to act at the center of percussion
of the segment. The center of percussion 1s assumsed to be the mldpoint
of the chord line of the sectlon equldistant from these two bounding
sections. (The errors in the final results arising from this assumption
are small.) These resultant centrifugal and alr forces have been
resolved Into three components: one parallel to the axis of rotation,
one parallel with the radlus through the mldpolnt of a chord line of a
deslign section 1lnbosrd of the source of forces, and one perpendlicular
to the other two. (See fig. 2.) The moments of these force camponents
about thils midchord reference point have then been determined. The
components of the forces and moments along and about the chord line of
the minimum section passing through the reference point, the axis
perpendicular to thils section, and the axls perpendicular to these
lines, all passing through the prevliously mentioned reference point
(fig. 2), have been calculated. These axes will be referred to as the
ma Jor, polar, end minor axes of the minimum sectlon, respectively.

Thils process has been carried out for each of the segments of the
blade outboard of the reference polint and the total effects of the
centrifugal and air loads for the several segments on the forces and
moments along and about the axes through the referemce polnt have been
determined by adding the individual effects. These effects are not
the total effects of the blade outboard of the minimwmm section since

S
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they 1nclude forces and moments of blade elements inboard of the
minimm sectlion and neglect forces and moments of elements outboard

of this section, as Indicated by the shaded reglons in figure 1.

Since the superfluous force produced by the inboard trlangular blade
gsegment 1s epproximately equal to the neglected force produced by

the outboard triangular segment, 1t may be assumed the actual forces
along the axes of the minimm section produced by the total blade
outboard of the minimum section are the same as those produced by the
several segments bounded by design sections. It may also be assumed
that the total moments &bout the major and polar axes of the minimum
section produced by the blade outboard of that section are the same as
those produced by these several segments. The total moment about the
minor axis of the minimum section produced by blade may be significantly
different from that produced by the segments, however, and correctlons
have been applied to account for thils difference.

The moments about the three axss through the neutral points of

the minimm sectlon, parallel to the three previously deflined axes of
that sectlon, have been determined in the usval msnner. The maximum
stresses at this minimmm section are then determined using the forces
end moments obtalned. The deflections produced by the moments can alsc
be determined. TUsing the total deflectlions of the blade, changes In
the asrodynamic angle and orlentation of the blade elements outboard
of the sectlon under conslderation can be calculated, and the changes
in the air and centrifugal loads on these elements produced by these
changes can be estimasted.

The equations used to determine the varlous forces and moments
end the stresses produced by these factors are presented 1n the
appendixes. The equations can also be used to determine the forces
and moments at the pitch-changing mechanism.

Method for Reduchtion of Moments

An analysis of the gesometry of a swept blade indlcates that, if
the elements of the blade are oriented in the proper msmner, the
bending moments about the major axes of all the minimum sectlons may
be eliminated. Silnce the blade angie, sweep angle, and section are
fixed for each position along the radius for a glven design, 1t follows
that the only varieble that can be changed to obtain this proper
orientation is the dihedral. (See fig. 3.) The proper dihedral for
each radlal position 1s obtained by & process of trlal; that 1s, &
dihedral distribution l1s assumed and the moments are then calculated.
This process 1ls continued until the moments are eliminated. The
process 1ls greatly simplified 1f the moments about sections near the
tip are eliminated first and those about sectlons progressively farther
inboard are then eliminated. In this process the geometry of the blade
outboard of a glven section 1s flxed, once the dlhedral distribution to
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eliminate the moments about thls section is applied. The moment about
a sectlion sllghtly farther inboard is then eliminated by merely
changing the dihedral of the blaede between these two sectlons. The
moments may be eliminated for only one operating condition. However,
this procedure generally reduces the moments for most other operating
conditions. :

The use of dlhedral may produce adverse effects, however, which
may be more important then lts advantages. The dlhedral regulred may
be so large that the serodynamic and structural characteristica of the
blade wouwld be altered. Such alterations might severely reduce the
performance of the propellsr. In the case of the propeller designed
to be tested in the Iangley 8-foot high-speed tunnel, the dihedral
requlred to eliminate the moments about the maJjor axls of the sections
along the portions of the blade with relatively uniform sweep have
been applied. However, the dlhedrals requlred to eliminate the
moments at the knee were fairly large. Since the effect of this large
dihedral on the performance was unknown, 1t was reduced, and small
stresses about the majJor axls at the knee were accepted. These stressoo
were not large encugh to limit the fingl design of the propeller,
however. -

The moments about all axes perpendlcular to the pltch-change axls
at the center of the pitch-changing meschanism may also be eliminated
for one condition by the proper orlentation of this axls with respect
to the blade. However, the moment about the pitch-change axls cannot
be reduced bslow a minimm value, which 1s fairly great in comparison
wlth the mament about the pitch-change axis for an unswept propeller.

After the dlhedral distrlibutlion required to eliminate or reduce
the moments about the major axes of the minimim sections and the
position of the pltch-change axis required to eliminate the moments
about the axes perpendlcular to thls axls are Incorporated Into the
blade for a glven design condition, the forces and moments and the
stresses produced by these factors at the various minimum sections and
at the pitch-changing mechanism for the design conditlon and conditions
away from that of design are determined by the process described in the
previous ssction.
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Relative Magnltuds of Factors

The stress snalysis of the swept propeller blades to be tested in
the Langley 8-foot high-speed tunnel indicates that for a blade with a
relatively large amount of sweep the greatest stresses are produced
by the moments about the minor exes of the minlmum sections. The
stresses produced by the moments about the msjor axes of minimum
gsectlons with the dihedral used are considerably less than the moments
about the minor axes and therefore do not limit the design. The
tension stresses produced by the force components parelliel to the
polar axes of the minimm sections are much less than those produced
by the moments about the minor axes of the sectlons. They are added
directly to these primary stresses, however, and therefore affect to a
secondary extent the design of the blade. The shear stresses produced
by the shearing loads and the moments about the polar axis of the
minimum section are well below the maxlmm shear strength of aluminum
alloy when the tenslon stresses are less than the maximum tension
gtrength for the alloy. Therefore, they also do not affect the design
of the blade.

The deflections which change the asrodynamic angles of the blade
elements and the orientation of the blade elements are produced
primarily by the moments about the major axes of the minlmum sections.
Since the moments about these axes are reduced to very small valuses by
the use of dlhedral for the design condition, the deflections for
this condltion are small and may usually be neglected. The deflections
for condltions away from the design condition may he significant. It
should be pointed out, however, that the deflectlons will be such as to
reduce the moments producing the deflectlions and no divergent stress
variations may be expected. The deflectlons produced by the moments
about the minor and polar axes of the minimm section change the
aerodynamic angle and orlentations to a secondary extent and should be
considered only in a detailed calculation of the changes of these
angles and orientations.

Langley Aeronautical ILaboratory
National Advisory Committee for Aeronautica
Langley Field, Va.
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APPENDIX I

FORMULAS FOR THE DETFRMINATION OF FORCES AND MOMENTS

Deflinitions

Blade engle of & section perpendicular to the radlus through
the midpoint of the chord line of the sectlion measured
from the plane of rotation to the chord line (fig. 3} for
the deslign condition

Sweep angle of a line through the mldpoints of the chord
lines of sectlions perpendicular to the radli through the
midpolnts, as measured from the radius of a given section
in the plane through the radius =and the chord line of the
section (fig. 3) for the design condition

Dihedral angle of a line through the midpolnts of the chord
lines of sections perpendicular to the radil through the
midpoints, as measured from the radlus of a glven section
in a plane perrvendicular to that in which the sweep was
measured (fig. 3) for the design condition

Angle between the chord llne of a section and the projection
of the line of the midpoints of the chord lines in a plane
perpendlcular to the raedius to the midpoint of the chord
line (fig. 3) for the design condition angle, and 1is
defined. as follows:

-1 /tan D
= ta =
7 " ('ban A)

Angle between the chord line of a sectlon and the proJjection
of the chord line of the assumed minimum sectlion through
the midpoint of the chord llne in a plane perpendicular
to the radius to the midpoint of the chord line (fig. 3)
for the design condition

B o= tan~ T (tan D cos D tan A)

The chord line of the minimm section is assumed to be
porpendicular to the line of mldpoints of the chord
lines in the plane of the chord lines (fig. 3)-.
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ZZ

L]

Distance along a radlus from the axis of rotation to the
midchord point of a section (fig. 3) for the design
condlitlon

Axis parallel to the axis of rotation of the propeller
through the reference point N, the polint for which
calculatlions are made; forces and moment vectors along
?xis in)the direction of flight consldered positive

fig. 2

Axis slong redius to reference polnt; forces and moment
vectors along axls in direction away from axis of
rotation considered positive (fig. 2)

Axis perpendicular to XX- and ZZ-axes through reference
point N; forces and moment vectors slong axis in
direction of blade motion consldered positive (fig. 2)

Distancegparallel to the axls of rotation fraom the center
of percussion of a segment of the blade to the YZ-plane
(fig. 2) for the design condition; distances from
YZ-plane rearward considered positive

The angle between the radius to the center of percussion
of a segment and the ZZ-axis in & plane normal to the
axls of rotation (flg. 2) Ffor the deslgn condition

Reference polnt, or the point for which calculations ars
made; on the blade, these points were taken along the
line through the midpoints of the chord lines of sections
perpendicular to the radli to these mldpoints and at the
hub, they were taken along the center line of the hub

The centrifugal force produced by a segment of the blade”
in pounds

where

welght of segment
gravitational constant
redius to center of percussion of segment

rotational veloclity in radians per second
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AAn The aerodynamlc force produced by a segment of the blade
in pounds

where
Cy, section 1lift coefficlent for mean sectlon of segment
A plan area of segment
q dynemic pressure at mean chord of segment
XX Axis of rotation of propeller
ZZ,. Pitch-change axis
YY. Axis perpendlicular to XXf and ZZr axes through the interssction
of these axes
X Distance parallel to axlis of rotation from ZY, plane to center

of percusslion of segment or reference polnt N depending
on whether subscrlipt is n or N, respectively; distances
rearward considered posltive

Distance parallel to ZZ, axis from XY, plane to center of

r
percugsion of segment or reference point; distances away
from exlis of rotation consldered posltive

¥p Distance parallel to YY,. axls from XZ, plene to center of
percussion of segment or reference poilnt; distances
opposite to dlrection of rotetlon considered positive

6, Angle between XZ,. plane to radius of the center of percussion

of a segment or a reference polnt; angles opposite to
directlon of rotation considered posltive

Subscripts and superscripts:
n Refers to conditlons at the midpoints 6f the segments

N Refers to conditions at the point for which calculations
are made, the reference point

Refers to condltions away from those of design
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Geomstry of Blade

To determine the forces and moments produced at one polnt by the
centrifugal and sir loads on a segment farther outboard, the orilenta-
tlon of the segment with respect to the point 1s requlred.

The orientation of the center of percussilon of the segment with
respect to the polnt of reference has been defined in terms of the
distance between the two polnts parallel to the axis of rotation x,
the radii to the two points r, eand ry, and the angle 6 betwesen the

radli to two polnts. The total values x and &6 are determined by
adding incremental values Ax and A8 for constant increments of

the radli. These increments are functions of the sweep, blade angle, .
and dihedral for the incremental section. They are defined by the
following expressions:

tan A, sin B -7

cos 7

o&x = -Ar

(See fig. 3.)
_Ar tan A, cos (B - 7)
r cos ¥

ne = & _
r

In the design of the blade to be tested in the Langley 8-foot
high-speed tunnel, Ar was made equal %o the width of a segment, which
was a consteant of 1.0 inch. Then the displacement of the center of
segment to the point of reference 1s:

X = egé +Ax 9 + . . .+ Axy

AP
e = —EE + M1+ - . .+ 00

where AxN and ABN are the increments Just outboard of the reference
point.

Forces and Momsnts 1n Planes of Reference

The components of the incremental centrifugal loads in the X-,
Y-, and Z-directions at N due to an outboard segment are given by
the following expressions:
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Force 1n Y-directlon, Cy = -AC, sin 6

Force 1n Z-direction, Oy = AC, cos €

The components of the incremental air loads in the X-, Y-, and
Z-directions at N due to an outboard segment are given spproximately
by the followlng expressions:

Force in X-direction, Ay

AA cos Bn

Force in Y-direction, AY —AAn sin Bn cos @

Force in Z-direction, AZ = —AAn sin Bn gin 6

The moments of Iincremental centrifugal loads about the X-,
Y-, and Z-axes at N due to an outboard segment are glven by the
following expressions:

Moment about X-axis, My X0, ry sin 6

>
t
z: —ACnx cos @
+

N
Moment -about Z-axis, My = Z A0 x sin 6

Moment about Y-axis, My

where the 1limit + =refers to the tip and N refers to the point for
which the moments are being calculated.

The moments of incremental alr loads about the X-, Y-, and Z-axes
at N due to an outboard segment are given by the followlng expressions:

N

Moment about X-axls, My = Z AA.n(-rn sin B,
t

+ ry sin B, cos 6)
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N
Moment about Y-axis, My = Z AAnl:-cos Bn(rn cos 8 - rN)
]

+xsiansinej

N
Moment about Z-axls, My = Z AAn(-rn cos B, 8in 6
t

- x s8in B, cos 9)

Forces and Moments with Reference to the Minimum Section

The force perpendicular to the minimum section is given
approximately as:

Fp = ; MnEin 6 cos (B - 7)N sin Ay + cos € cos AN]

N
+Z AAnEcos Py sin (B - 7)N sinAN
t

4 sin Bn cos 6 cos (B - 7)N sin Ay

- 8ln Bn s8in €6 cos AN]

The forces 1n the plane of the minimum section are given
approximstely as follows:

Along minor axis

N
Fg = ? Acn(sin 6 cos BN + cos @ sin DN)

N .
+ E AAn(-cos Bp cos Py
t
- 8ln Bn cos 8 sin By - sin Bn siﬁ @ sgin DN)
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Along major axig

Fg = i Mn cos 6 sin Ay - sin 6 cos (B + M)N cos Aﬂ

N
+ Z AAnEos Bn sin (B + M)N cos A
t

- sin B, cos 8 cos (B + M)N cos Ay

- gin Bn sin 6 sin Arﬂ

The total shearing force across the minimum sectlon ls the square
root of the sum of the squares of the forces along the major snd minor
axes.

The moment about the polar axls of the minimum section as defined
is glven approximately by the following expression:

N
Mp = Z AC, {—(rN sin 6) [éin (B - 7)N sin Aﬂ
t .
+ (x cos 6) Ezos (B - 7)N sin AN] + (z sin @) (cos AN)}

N
+ ; An{-(-rn gin B, + ry sin B, cos 6) [sin (B - 7)N sin Aﬂ

- (—rn cos By cos 6 + ry cos By

+

x sin B, sin 6) E:os (B - 'r)N.sin AN]

+

(—rn cos Bn sin 6 - x sin BD- cos 9) (cos AN)}

The moment about the center of gravity of the minimum section 1s
very nearly the same as that about the defined polar axis..
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The moment about the major axis of the minlmum sectlion as defined
is given approximately by the followlng expresslon:

N
-3 o 9 g o]
t

(x cos 6) E:os (B + My cos'AN] + (x s8in 6)(sinAN)]>
N .

Z AAn{+ (-rn sin B,

t

+ ry sin B cos 6) Esin (B + M)N cos AN]

4

+ (—rn cos By cos @ + ry cos Bp

+

x sin B, sin 6) [coa (8 + M)y cos A}ﬂ

+ (—rn cos B, sin 6x sin B, cos 9) (51nAN>}

The moment about the major neutral axis of the minimum section 1is
very nearly the same as that about the defined major axls.

The uncorrected moment about the minor axls of the minimum section
as defined is glven approximetely as follows:

N X
Mgg = z ACD(-rN gin @ cos EN cos Dy

- X cos @ sinBN cosDN+xsin6 sinDN)
N

+ E AA.n[-(-rn sin B, + ry sln B, cbs 6) (cos BN cos DN)
R .

+ (-ry cos By cos 6 + ryy cos B, - X sin Bn sin 6) (sin By cos DN)

+ (rN cos B, sin 6 + x sin B, cos 9) (sin DN)]
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The unéorrected moment about the minor neutral axis of the minimm
section 18 given by the following expression:

N = Yy + TR

where R 1is the distance between the centers of the moments MKU
end Mpy along the minimum sectlon.

The correction to the moment about the minor axis of the minimum
section to account for the fact that the incremental sections for
which the loads are computed do not include the elements of the blade
outboard of the minimum section exclusively (fig. 1) is defined
approximately as follows:

AC
Ay = —-l% gin A cos A(1l + cos A)%{&%)

vhere cy 1s the chord of the design sectlon passing through the
reference polnt.

Conditions Awey from Deslign

When the blade is turned about the hub away from 1ts deslgn condi-
tion, the orlentation of the center of percussion of a segment with
respect to the polnt of reference N obvlously changes. To calculate the
moments and forces at N produced by the segment for these condlitions,
the new orlentation of the segment with respect to N must be known.

The orientation is defined by x, 6, r,, &nd ry; and, to define the

new orilentation, new values of these varisbles must be determlined.
This has been done by determining the values of x., ¥,., 2., and 6.

for both the segment and the polnt of refersnce with respect to
the YZ,., XZ,,, and XY, planes; calculating new values of X, ¥y, &nd z,

for the new blade setting away from design; determining new values of
the angle 6, with respect to the XZ, and XY, planes, using the new

valves of y,, and 1z, wlth respect to these planes; and subtracting
the new values of 6, and x,. obtained for the point of reference

from those obtained for the segment to get the new values of x and 6
of the segment with respect to the reference point. The equatlions used
are as follows: :

e
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* = xrn - er
' = x, osc Ean‘l (ij[sm IEan'l <i> + Aﬁl:l
Ir Ir
For bhoth n and N

g' = ernr - eer

Gr' = tan~1 -& csc Ean‘l (x—r-)]cos Ew‘l (ﬁ) + B{'
Zy Ir Jr

For both n gnd N

ry't r. cos @ gec €
n n rn rn

=
Il

' cos 6 gec 8., '
N N 'y

where AB, 1s the change in orlentation of the blade about piltch-
chenge axis.

The angles A', B', and 7' for conditlons away fram that of
deslign may be determined from A, B, 7, 8,, 6,', and 4B;, usling
the expresslons that follow. These expressions were developed using
the dlagrams presented in figure 4. A triangular portion of the chord
plane of the blade 1,2,3, as shown in figure 3, was rotated through an
eangle AB, aboubt an axls parallel to the hub axis. TUsing the new valus

of 6,,86,' for point Z, a new trilangular portion of the chord.

plane 1',2',3' was constructed and new values of A, B, end 7,
and A', B', &and 7' were obtalned from thig triangle.

The development is appllcable only 1if the pitch-change axls passes
through the center of rotetion of the propeller. Equatlions for con-
flgurations with scme other orlentatlon of this exis would be much more
complex and have not been developed in the present analysis since the
piltch-change axis of the propeller to be tested in the Langley 8-foot
high-speed tunnel was arbitrarily oriented to pass through the axis
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of rotation. Somewhat lower bending moments about the major axes of
the various minimum sections at conditions away from that of design
could probably be obtained by the use of some other orientation of
the pitch-chenge axis. However, the probable reduction in momsnts
produced by using such an orientation does not Justify the extensive
complex calculations required to find that partliculasr orlentatlon.

¢ = Ar tan A
b =Ar tean D
b

4= gin ¥

e=4dcos (B -7
f=4asin (B - 7)

g=c¢8in B

J = (e + 1) cos 0,

k=nh cos 6,

e (8)

¢ = tan™1 %)

y R _ S
sinBl
- f
m aln C



NACA RM No. L8F1ll

e
1 sin (ﬁl - C)
1 cos (Bl - C)

ot (52)
m - ©

1 cos (Bl + AB]_)
m cos (C + AB]_)
J ten A - Oy

X tan 6.
tant (-t)

a

-1{2
tan (q)

£
cos B

q
cos F

v ain 191.' +E|
v coB |6r’ +E|.
v sin |F + Ej

v cos lF + E|
tan~L1 (-;——-—i w)

17



18 AT NACA RM No. IL&F11

8 u sgin G
sin (6,' - F + C)

K =8 cos 6,'

0= (5 - K) {tan [ - (c +ABJ)]}

f'=m sin (C_+ Aﬁl)

t
H = tan-1'<iT)
e

d!= e'
cos H

c' =4 cos 7'

y'=B'-H

o -1 (£l + 1
B tan 5

-1 ¢!
A' = tan F

Using the new blade end sweep angles for each of the sections as
determined by these formulas and the stream angles as determined from
the operating conditions, the serodynemic loadings on the blade
segments may be estimated. Using the new values of r,r', the new
centrifugal loading for the gegments mey be estimated. Fram these
loadings the forces and moments at the pointes of reference may be
determined, using the new values of x end 6, and r, x', €',
end r'. The forces and moments along and about the axes of the
minimum section are then determined using revised values of Ag,

By, and Dy, Agx'; Byg's, and Dy' in the formulas given for
calculating forces and moments at the design conditiom.
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APPENDIX IT
DETERMINATION OF STRESSES

The maximum stresses produced by the tension and shear forces at
all minimum sectlons along the blade are determined by the usual
relation: stress is equal to force divided by area. The maximum
stresses produced by the moments about the mgjor and polar axes of all
the sections, and the moments about the minor axis of sectlions along
the relatively stralght portions of the blade, are determined using
the well-known relatlion: stress 1s equal to the moment times the
distance from the centrold to the extrems element divided by the moment
of inertia of the section about the axls of the moment. Thls expression
cannot be used alone, however, to determine the maximum stresses pro-
duced by the moments about the mlnor axls of the sectlons at the knee
and root. .

Expressions presented by Tlimoshenko in reference 1 indicate that,
for the radli of curvature needed at the knee and root of blades with
large aemounts of sweep, the maximm stresses at these points are much
greater than those calculated by the usual beam formulas. The
expressions presented in the above reference are derived assuming
uniform sections and radll of curvature, however, and therefore sare
not directly applicable to the accurate determination of the maximum
stresses at the knee and root of the ususl blade, since the sections
eand radii at these points are not uniform. The maximum stresses may
be approximated rather closely, however, with a method which is based
on these expressions.

In the method developed by Timoshenko, 1t 1s assumed that the
angle betwesen two minimm cross sections of a uniformly curved bar dop
changes by A dp when a moment 1s applied to the bar. (See fig. 5(a).)
The extension of any fiber at a dlstance y from the neubral surface
is y A dp, end the corresponding wnit elongation 1s

where r denotes the radlus of the neutral surface. The bending stress
at a distance y from the neutral axls is then

By = 2L L 4D
(r -y do
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From the preceding expression

My

5max = Ae(r - kl)

where kl is the dlstance from the neutral axis to the most remote

fiber and e, the dlsplacement of the neutral axis from centroild of
the sectlion, 1la defined by

Assuming that the sectlon is elliptical

SEC OREORES

where R = r + o. The stress-concentratlon factor is then

FSC - l].e.gr_-;)_
k
1

It 1s apparent that, for the swept blade, the radlus of curvature
of the neutral axis r will vary from very large values along the
relatlively stralght portions of the blade to relatively small values
along the central portion of the knee and root bends. The corresponding
displacement of the neutral surface from the centrolds of the sections
will vary from very smell to relatively large values. It may be assumed
that the transition from one condltion to another occurs continuously.
The orientation of the plane through the neutral surface along the blade,
therefore, 1s similar to that shown 1n figure 5(b) . To determine the
radli of curvature of the neutrsl surface, the dlsplacement of the
neutral surface with respect to the centrolds and, finally, the maximum
stresses, 1t has been assumed that the previously stated expressions
for curved beams are valid for each of the incrementel elements between
- cross sectlons perpendlcular to the plane through the neutral axis.

(See fig. 5(b).) These sections are not necessarily minimum sectlons.

Because of the severe varilastions of blade wldth at the knse, the

leading edge end tralling edges of the blade diverge conslderably from
perpendicular to the cross sections previously mentioned in this reglon.
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The actual maximum tension and compression stresses along the trailing
edge, therefore, will differ somewhat from the stresses calculated on
the assumption that these stresses are perpendicular to the cross
sections. The actual stress 1s probably greater than the calculated
value by a factor of approximately the reciprocal of the cosine of

the engle between the edge and a perpendicular to the sectlon.

The determlnation of the quantitles desired in thls case is
complicated by the fact that the various varlables are interdependent.
The dlsplacement of the neutral surface at each element 1s & function
not only of the radius of curvature of the neutral surface at that
point and the length and shape of the element but 1s also a function
of the condltions for adJjacent elements. The radius of curvature of
the neutral surface 1s a functlon of the local dlsplacement of the
neutral surface, the length of the elemesnt, end the conditions for
adJacent elements. The lengths and shapes of the elements are functions
of the orientation of the neutral surface which 1s a function of all
other varliables. These varlables may be determilned, however, using a
‘method of trial based on the sssumptlons that neutral surface is
continuous and tangent to the parallel surface through the centroids
along the relatlvely straight portlons of the blade.

By using a graphical method of solutlion, the triel process has
been reduced to a relatively simple and rapid procedure. In this
*‘graphical msthod, an element, the neutral axis of which is assumed to
fall on the correct continucus neutral surface, is constructed. (See
fig. 5(c).) AdjJacent elements with neutral surfaces continuous with
that of the Initial elemsnt and with the proper relationshlp betwesn
the varisbles are then constructed. This process is continued until
the elements include the stralght portions of the blade. IFf the
neutral surface of the elements coincildes with the plane through the
centroids et these points, the assumptions for the original element
wore correct. Obvliously, the chances of assuming the correct original
element are small and several attempts are required to determine the
correct dimensions of thils element.

To speed the graphlcal process, the radlus of curvatures of the
neutral surface between two control elements relatively wldely spaced
in terms of the wldth of the elements (fig. 5(c))} has been assumed to
be the same as the radius at the elemesnt for which calculations have
been made. Such a process eliminates the calculations for all elements
wlthin the space and produces very little error in the final result, if
the width of the space is held to proper limits.

In the actual graphical process, an element near the midpoint of
the knee with a glven displacemsnt of the neutral surface with respect
to the surface through the centroid is assumed, and the radius of
curvature 1s determined, using a plot of the radius against displace-
ment. With this radius an arc representing the neutral surface is
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constructed, end lines representing thin elements are drawn perpen-
dicular to this arc at proper dlstences from the original element.
The dlstance from the cemntrolds of the new elements to the assumed
neutral surface are measured; end, using these displacements, the
radil of curvature of the neutral surface at these elemesnts are
similarly determined. This process 1ls then continued untll the
elements include the straight portions of the blade.

In this analysis, it has been assumed that the major axes of all
the elements of the blade fall in a plane. Actually, because of the
twist of the blade, thie 1s usually not the case. However, the usual
smounts of twist have 1little effect on the results.
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Figure 5- Continued.
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